Abstract: Spectral compression (SPC) can be used for generating narrow bandwidth and wavelength-tunable light sources, which have important applications in optical communication system, spectroscopy, and nonlinear microscopy. In this paper, we numerically demonstrate the high-degree SPC of the chirp-free femtosecond pulse at wavelength 2.4 μm in a 6-cm long adiabatically suspended silicon waveguide taper. The silicon waveguide taper is designed with a dispersion-increasing profile along the propagation distance z. Simulation results show that the SPC factor can be up to 10.9, along with the brightness-enhanced factor of 8.0 and negligible sidelobe. The impacts of the higher order dispersion, higher order nonlinearity, losses (including linear and nonlinear loss), and variation of Kerr nonlinear coefficient along z on the SPC are also investigated. It is found that variation of Kerr nonlinear coefficient γ(z) and linear loss are the dominant perturbation to the degradation of the SPC performance.
Introduction
Coherent optical sources with narrow bandwidth and high spectral brightness are important in optical coherence tomography [1] , [2] , coherent anti-Stokes Raman scattering spectroscopy [3] , [4] , and all-optical analog-to-digital converter (AOADC) [5] - [7] . In the AOADC based on soliton self-frequency shift (SSFS), the quantization resolution is related to the amount of wavelength shift and spectrum width. Narrower spectral width is beneficial to higher quantization resolution [8] . Spectral compression (SPC) is one of the effective methods to obtain narrow spectral width. In 1978, the SPC was firstly reported in a single-mode optical fiber [9] . After then, the SPC has been demonstrated in a variety of optical fibers, such as optical gain fiber [10] , [11] , highly nonlinear fiber [12] , and photonic crystal fiber [13] , [14] .
Recently, the SPCs with large compression factor and low sidelobe are achieved in dispersionincreasing fibers (DIFs). At present, linearly [15] , [16] , comb-profile [17] , and exponentially [18] DIFs are developed. Lin et al. experimentally achieved the SPC of 102.8-fold in a 1-km long linearly DIF when the pre-chirped input pulses are used [15] . Such a high SPC factor is mainly induced by the SSFS, while the center wavelength of the input pulses is shifted. Nishizawa et al. obtained highquality narrow spectrum with low sidelobe by utilizing the comb-profile DIF [17] , [19] . The alignment and connection of the comb fibers increase the complexity and instability of the system. The SPCs of the chirp-free hyperbolic secant and Gaussian pulses were investigated in an exponentially DIF [18] . The optical fibers are used as the desired media for achieving the SPC. However, the length of optical fibers required is usually up to thousands of meters, which is not benefit to the development of on-chip laser sources. Besides, all the works are focused on the communication band. There are few works on the SPCs in the attractive mid-infrared (MIR) region since the propagation losses of the optical fibers are very high in the MIR region. Fortunately, as the CMOS technology matures gradually, the optical waveguides have been fabricated and applied in the on-chip devices and systems. Compared to the optical fibers, the optical waveguides have the unique characteristics of adjustable dispersion and high Kerr nonlinearity. Until now, there are few reports on utilizing the optical waveguide to fulfill the MIR SPC. In the previous works, we preliminarily demonstrated the SPCs in the uniform silicon nitride and chalcogenide waveguides, where the SPCs were resulted from self-phase modulation (SPM) [20] , [21] . However, the spectral width is not monotonically decreased, and the waveguide length needs to be strictly controlled to obtain large compression factor. In addition, nonlinear indices of the silicon nitride and chalcogenide materials used are smaller, which greatly limits the process of the SPC. In contrast, the silicon material has large nonlinear index. Moreover, the nonlinear losses including two photon absorption (TPA) and freecarrier absorption (FCA) can be greatly reduced when pump pulse works in the spectral region beyond 2.2 μm [22] , [23] . Therefore, it is possible to achieve the high-degree SPC at the MIR region in silicon waveguide.
In this paper, we numerically demonstrate the high-degree SPC of the chirp-free femtosecond pulse at wavelength 2.4 μm in a 6-cm long adiabatically suspended silicon waveguide taper, which is designed with a dispersion-increasing profile along the propagation distance. This paper is arranged as follows. In Section 2, the adiabatic theory of the SPC and modified generalized nonlinear Schrödinger equation (GNLSE) are introduced. In Section 3, adiabatically suspended silicon waveguide taper is designed for dispersion-increasing profile. The SPC results in the designed waveguide taper are demonstrated numerically in Section 4. We draw the conclusions in Section 5.
Theoretical Model
In the MIR region, the nonlinear propagation dynamics of short pulse inside a silicon waveguide taper can be described by the following GNLSE when the higher-order dispersion (HOD), higherorder nonlinearity (HON), variation of Kerr nonlinear coefficient, and losses are considered [24] - [26] 
where A(z, t) is the envelope of slowly varying electric field in a co-propagation frame at the groupvelocity 1/β 1 along propagation distance z. T is the retarded time. α represents the linear loss, and β k (z) are the k-th (k = 2, 3, 4, 5, and 6) order dispersion coefficients at the central angular frequency ω 0 for different z. τ shock = 1/ω 0 describes the self-steepening effect. γ 3PA is the 3PA coefficient, which causes the nonlinear loss in the MIR region from 2.2 to 3.2 μm [23] . And γ is the nonlinear coefficient, which is defined as [27] 
where n 2 (x, y) represents the distribution of the Kerr nonlinear index, and F(x, y) corresponds to the electric field distribution of the fundamental mode. In order to explain the principle of the SPC in the dispersion-increasing waveguide, we can only consider the effects of group-velocity dispersion (GVD) and SPM on the short pulse. Therefore, the GNLSE can be modified as the NLSE
In the anomalous dispersion region, the soliton order N is given by [28] 
where P(z) and T(z) represent the peak power and pulse width, respectively, and the product of P(z)T(z) represents the half of the energy of a hyperbolic secant pulse. The SPC principle can be explained by Eq. (4). Because of the energy conservation, the product of P(z)T(z) keeps constant along z. When a chirp-free fundamental soliton pulse (transform-limited pulse) is injected into the dispersion-increasing waveguide, if the change of γ(z) is smaller than |β 2 (z)|, T(z) will be broadened when |β 2 (z)| increases along z. N will eventually approach 1 because of soliton effect during the propagation. Because the perturbed fundamental soliton is gradually broadened while its temporal waveform remains unchanged, the corresponding optical spectrum will be compressed. This is a reverse operation of adiabatic temporal soliton compression [29] - [31] . If the change of γ(z) is bigger than |β 2 (z)|, the part of γ/|β 2 (z)| needs to be decreased to increase the value of T(z) to fulfill the SPC. Thus, the value of γ(z) needs to be reduced.
Design of Adiabatically Suspended Silicon Waveguide Taper
A suspended silicon waveguide taper is designed to ensure that optical field is well confined and short pulse changes adiabatically during propagation. Fig. 1(a) shows the three-dimensional schematic of the designed waveguide taper, where the rib height H 1 = 900 nm and membrane height H 2 = 200 nm. The rib width W varies adiabatically from 1400 to 490 nm, which obeys the following condition [30] λ W dW dz n eff − 1.
where λ is the wavelength of short pulse and n eff is the effective refractive index. The waveguide length L is set as 6 cm. Such a waveguide taper can be fabricated by the combination of deposition, etching, and bonding techniques [32] , [33] . Fig. 1(b) shows the fundamental quasi-TE mode profiles calculated at the input (z = 0 cm) and output (z = 6 cm) ports of the waveguide when pump wavelength is located at 2400 nm. From Fig. 1(b) , the mode field is well confined in the core region of silicon waveguide taper especially at the input port. At the output port, the mode field begins to leak into the air cladding, while the mode field energy leaked into the membrane can be ignored. Except for the fundamental mode, other modes are also propagated inside the waveguide. As W decreases, the number of the quasi-TE mode also decreases from 11 to 2. These modes have different linear and nonlinear characteristics. To avoid the mode coupling resulted from the tight confinement, the offset pumping technique can be used to only excite the fundamental mode [34] . With the finite element method, we calculate the GVD parameter β 2 under different W, as shown in Fig. 2(a) . From Fig. 2(a) , the absolute value |β 2 | is larger for smaller W. With the increase of wavelength, the difference between β 2 for different W gradually becomes larger. The main reason is considered that dispersion of waveguide taper is determined by W and the restrain ability of optical field for smaller W becomes weak. In this work, the pump wavelength is chosen as 2.4 μm, as indicated by the blue arrow in Fig. 2(a) . The relationship between β 2 and W at pump wavelength 2.4 μm is shown in Fig. 2(b) . It can be seen from Fig. 2(b) that |β 2 | increases monotonically from 1.08 to 15.93 ps 2 /m when W varies from 1400 to 490 nm. The variation of W versus z is plotted in Fig. 3(a) . The decrement of W(z) gradually slows down along z. The relationship between β 2 and z is also shown in Fig. 3(a) . The linearly increasing dispersion profile is fulfilled as following
where β 2 (0) and β 2 (L) are the dispersion values at the input and output posts of the waveguide taper, respectively. Fig. 3(b) shows the variations of γ(z) and A eff (z) along z. From Fig. 3(b) , the variations of γ(z) and A eff (z) are not monotonic. γ(z) first increases quickly to the maximum value and then decreases monotonically to the minimum value at the output port. The ratio between the maximum and minimum values of γ(z) is 1.66, which is much smaller than that of dispersion (14.75). In contrast, the variation of A eff (z) appears an opposite trend. Generally speaking, during the design and optimization process of waveguides and other nanophotonics, non-uniqueness of the desired solution is one of the main challenges. Typically, the desired response can be obtained from multiple sets of design parameters and this cause convergence issues for conventional inverse design approaches. Recently, lots of interest has been paid to overcoming the non-uniqueness challenge. Central to these efforts are introducing pseudo-encoder to encounter this challenge. The method relies on reducing the dimensionality of both design and response space and turns the ill-posed many to one inverse problem to a oneto-one problem [35] , [36] . Moreover, generative neural networks have been introduced as effective optimization techniques to optimize a certain class of nanostructures [37] , [38] .
The SPC of the Femtosecond Pulse
Eq. (1) is calculated by using the Runge-Kutta method [39] . A chirp-free hyperbolic secant pulse with full width at half maximum (FWHM) of 50 fs at 2.4 μm is launched into the designed waveguide taper. β 2 (0) and γ(0) are −1.08 ps 2 /m and 20.09 W −1 /m, respectively. The input peak power P 0 is assumed to be 66.64 W so as to guarantee N = 1. Here, α and γ 3PA are set as 0.274 dB/cm [40] and 0.0012 cm 3 /GW 2 [41] , respectively. Figs. 4(a) and 4(b) show the evolutions of the spectral and temporal profiles along z. From Figs. 4(a) and 4(b), although some sidelobes appear at the initial stage, they are obviously suppressed at the end of propagation. The optical spectrum is evidently compressed during the propagation, along with the increasing peak power. The pulse width monotonously increases from 50 to 749 fs accompanying with the reduction of the peak power. In Fig. 4(c) , the spectral shift cannot be clearly seen. However, it can be seen from Fig. 4(d) that the peak position of the temporal pulse is right shifted about 280 fs. When the impacts of HOD, HON, variation of γ(z), and losses are neglected, the outputs in the ideal case (NLSE) are also given in Figs. 4(c) and 4(d) . Low-level sidelobes are symmetrically generated on both sides of the optical spectrum, which are resulted from the four-wave mixing (FWM) [42] . The sidelobe level is calculated as −16 dB.
The spectral compression factor (SCF) and brightness-enhanced factor (BEF) are introduced to evaluate the quality of the SPC, which are defined as
where B W FWHM in and B W FWHM out are the spectral bandwidths at the input and output ports, and P Spectrum in and P Spectrum out are the spectral peak powers at the input and output ports. Fig. 5(a) shows the variations of spectral bandwidth and peak power along z. From Fig. 5(a) , BW FWHM is reduced monotonously from 121.0 to 11.1 nm, and spectral peak power is enhanced by 8.0 times. The variations of the SCF and BEF versus z are plotted in Fig. 5(b) . At the output port, the SCF and BEF can be up to 10.9 and 8.0, respectively. To clearly understand the physical mechanism of the SPC, the impacts of the HOD, HON, losses, and variation of γ(z) on the SPC are investigated. Fig. 6 shows the evolutions of BW FWHM and peak power under different cases. The cases of the NLSE and all factors are also plotted for comparison. From Fig. 6 , BW FWHM shows an exponential decreasing trend while spectral peak power shows a linear increasing trend. The curves of the HOD and HON are overlapped with that of the NLSE. The curve of γ(z) shows the maximum deviation from the NLSE in both BW FWHM and peak power. The curve of the losses coincides with the NLSE for BW FWHM at the beginning stage, and then deviates from the NLSE. Its power curve is much lower than the NLSE. The SCF and BEF values are listed in Table 1 . It can be seen from Table 1 that variation of γ(z) and losses have the largest impact on the SPC. The impacts of the HOD and HON can be ignored.
Figures. 7(a) and 7(b) show the output spectral and temporal waveforms when the HOD, HON, losses, and variation of γ(z) are considered. From Figs. 7(a) and 7(b) , the waveform of the HOD agrees well with that of the NLSE both in spectral and temporal domains. For the HON, the center wavelength is slightly red-shifted, and the waveform is delayed by a few femtoseconds. Sidelobe appears at both sides of spectrum for the HOD, HON. However, for variation of γ(z) and losses, the sidelobe disappears and spectral peak power drops a lot.
From the above analyses, the effect of the HOD on the SPC can be ignored. In order to explain the reason quantitatively, the dispersion length L D k (k = 2, 3, 4, 5, and 6), which describes the effect 
where T 0 (z) is the pulse width at z. As seen from Fig. 8(a) , L D2 , L D3 , and L D4 increase monotonously along z. L D5 and L D6 first increase and then decrease. All L Dk (k > 3) are much larger than L D2 , which indicates that the effect of the HOD is much weaker than β 2 . Fig. 8(b) shows the ratio between L D2 and L D3 . The maximum value of L D2 /L D3 is less than 0.24 and reduces continuously along z. Thus, compared with β 2 , the effect of β 3 is very weak. The roughness of the waveguide sidewall is the main loss factor. At present, with some advanced fabrication methods [40] , [43] , [44] , α can be reduced to 0.026 dB/cm. In order to make the silicon waveguide taper more practical, some typical values of α are used in our simulation when all factors are considered, as shown in Fig. 9 . The evolutions of BW FWHM and peak power along z are demonstrated. The case of α = 0 dB/cm is also plotted for comparison. The corresponding SCF and BEF values under different α are given in Table 2 .
In Fig. 9 , the curves of BW FWHM for different α start to separate near z = 1 cm and meet at z = 4 cm. The corresponding curves of spectral peak power separate at z = 2 cm. In Table 2 , the SCF and BEF values are almost equivalent up to α = 0.1 dB/cm. The difference between them gradually increases when α increases. It can be seen from Table 2 that α has little influence on the SCF while its impact on the BEF is significant. For larger α, the deviation between the ideal adiabatic case and practical case is large. Thus, the smaller α is beneficial for the SCF and BEF.
Finally, we will investigate the variation of γ(z), which has a significant impact on the SPC. The impact of variation of γ(z) can be evaluated by nonlinear length L NL , which is defined as
where P(z) is the temporal peak power along z. It is known that the HOD and HON have small effects on the SCF. Thus, the three cases of the NLSE, γ(z), and all effects are considered. Fig. 10(a) shows the evolutions of L D2 and L NL along z under the three cases. As seen from Fig. 10(a) , the difference between L D2 and L NL is very small, except for the case of the NLSE. Besides, the values of L NL and L D2 are smaller within the length of the waveguide taper, which means that the dispersion and nonlinear effect will jointly play a significant role during propagation. For the case of NLSE, the variation of γ(z) is a constant, so the value of L NL is smaller L D2 after z = 0.5 cm. It means that the nonlinearity is slightly larger than the dispersion. Some sidelobes appear due to the FWM, as seen from Figs. 4 and 7. The appearances of sidelobes can enhance the SPC at the expense of quality of spectral swings. For a waveguide taper designed with specific dispersion profile, it is difficult to maintain the nonlinearity as a constant. For the cases of γ(z) and all factors, the variation of γ(z) first increases and then decreases, and the values of L NL and L D2 are nearly equivalent except for that at the output end. It means that the nonlinearity effect is slightly smaller than the dispersion. The FWM effect becomes weak and sidelobes nearly disappear, as seen from Figs. 4 and 7. The SCF and BEF values are reduced compared to the case of NLSE. Soliton order N 2 = L D2 /L NL under the three cases are also plotted in Fig. 10 (b) so as to investigate the evolution of N along z. The evolution of N can also make us observe the tiny difference between L NL and L D2 shown in Fig. 10(a) . In Fig. 10(b) , the dot line corresponds to N = 1, which represents the fundamental soliton. From Fig. 10(b) , the value of N occurs to oscillate between 0.946 and 1.105 for the case of NLSE, 0.968 and 1.040 for the case of γ(z), and 0.958 and 1.047 for the case of all factors. It indicates that the temporal pulses under the three cases are propagated in the form of the fundamental soliton.
Conclusion
In summary, we propose an adiabatically suspended silicon waveguide taper to achieve the SPC at the mid-infrared spectral region. The silicon waveguide taper is designed with a dispersionincreasing profile along z. With the designed waveguide taper, the optical spectrum of the chirp-free femtosecond pulse is efficiently compressed. The SCF can be up to 10.9, along with the BEF of 8.0 and negligible sidelobe after the 6-cm propagation. By considering the impacts of the HOD, HON, losses (including linear and nonlinear loss), and variation of γ(z) on the SPC, it is found that variation of γ(z) and linear loss are the dominant perturbation to the degradation of the SPC performance. It is believed that the proposed SPC scheme paves the way for obtaining the integrated mid-infrared light sources with narrow spectral width, which can find important applications in developing the on-chip optoelectronic devices and systems.
